Recently a time-reversal mirror ͑or phase-conjugate array͒ was demonstrated experimentally in the ocean that spatially and temporally refocused an incident acoustic field back to the original position of the probe source ͓Kuperman et al., J. Acoust. Soc. Am. 103, 25-40 ͑1998͔͒. Here this waveguide time-reversal mirror technique is extended to refocus at ranges other than that of the probe source. This procedure is based on the acoustic-field invariant property in the coordinates of frequency and range in an oceanic waveguide ͓Brekhovskikh and Lysanov, Fundamentals of Ocean Acoustics, 2nd ed. ͑Springer-Verlag, Berlin, 1991͒, pp. 139-145͔. Simulations are combined with experimental data to verify this technique.
INTRODUCTION
Recently a time-reversal mirror ͑TRM͒ was demonstrated experimentally in the ocean which spatially and temporally refocused an incident acoustic field back to the original position of the probe source. 1 This result confirmed previous theoretical ocean acoustics work 2 and extended ultrasonic laboratory studies in this area. 3, 4 The time-reversal process has been introduced as an approach to compensate for distortion due to various inhomogeneous media. 4 For acoustic imaging in an unbounded geometry, the ultrasonic TRM has been extended recently by Dorme and Fink 5 to focus not only on the reflector, but also on areas surrounding the reflector in the presence of an aberrating layer. Their method combines conventional beam steering in a homogeneous medium with synthesized data banks obtained from numerical computation for each steering point. In more complex waveguide environments, we also are interested in focusing the received field back to a new location. In this paper, we develop a variable focal range TRM that works in a waveguide geometry.
The sound field in the ocean is characterized by the interference pattern of different modes. It has been shown 6 that the slope, ␤, of lines of constant sound intensity, constant rate of change of the phase along the waveguide, and constant envelope group delay, is invariant in the frequencyrange (r) plane, such that ͑ ⌬/ ͒ϭ␤͑ ⌬r/r ͒. ͑1͒
For example, ␤ can be determined by evaluating the total derivative of intensity with respect to range and frequency for constant intensity. We apply this invariant property to move the focal range in the time-reversal technique in the ocean by appropriately shifting the spectral components of the data used to construct the TRM. To demonstrate the proposed method, we use the experimental data collected from the TRM experiment carried out in the Mediterranean Sea in April 1996. 1 In the Sec. I, we briefly review the TRM experiment and relevant basic issues of phase conjugation ͑the frequency domain process corresponding to time reversal͒. Section II addresses the acoustic invariant properties of a waveguide which subsequently are applied to shifting the focal range in Sec. III. Simulations combined with experimental data then are presented in Sec. III to verify the procedure.
I. PHASE CONJUGATION
The theory of phase conjugation vis-a-vis ocean acoustics already has been presented.
1,2 Here we briefly review the basics of phase conjugation using the geometry of the TRM experiment as shown schematically in Fig. 1 . More details on the theory and experiment are given in Ref. 1 .
A. TRM experiment
The April 1996 TRM experiment utilized a vertical source-receive array ͑SRA͒ spanning 77 m of a 125-m water column with 20 sources and receivers and a probe source ͑PS͒ co-located in range with another vertical receive array ͑VRA͒ of 46 elements spanning 90 m of a 145-m water column located 6.3 km away from the SRA. Phase conjugation was implemented by transmitting a 50-ms pulse with center frequency of 445 Hz from the PS to the SRA, digitizing the received signal, and retransmitting the time-reversed signal from all sources of the SRA. The retransmitted signal then was received at the VRA. Figure 2 shows the pulse and its spectrum as received on the SRA and VRA for a PS at 75-m depth. It should be noted that all of the various acoustic field and simulated data plots are self-normalized throughout this paper. The data at the SRA are combinations of the signal centered on 445 Hz and noise components at 410, 460, and 510 Hz. A 233-ms segment of data was digitized and time reversed for transmission to the VRA. When the VRA and PS have the same range to the SRA ͑within 40 m for the data shown in Fig. 2͒ , we observe focusing. In the simulations of focal range shift presented in Sec. III, we will backpropagate numerically the pulse received at the SRA as shown in Fig. 2͑a͒ . 
B. Overview of theory
For simplicity in this section, we briefly review the basics of phase conjugation in a range-independent waveguide following the conventions used in Ref. 1 ͑here we use n for the modal eigenfunctions͒. The probe source, PS, is located a horizontal distance R from the source-receive array, SRA.
Let the acoustic field at frequency at the jth receiving element of the SRA ͑depth z j ͒ from the probe source PS ͑depth z ps ͒ be G (R;z j ,z ps ). The phase-conjugation process consists of exciting the SRA sources by the complex conjugate of the received field, G *(R;z j ). For a vertical line of discrete sources, the phase-conjugate field reduces to a sum over the source positions,
where R is the horizontal distance of the SRA from PS, r is the horizontal distance from the SRA to a field point of depth z, and J denotes the number of sources in SRA. The azimuthally symmetric normal mode solution G (r;z j ,z ps ) is given by
where n ,k n are the normal mode eigenfunctions and modal wave numbers obtained by solving the depth-dependent Helmholtz equation with boundary conditions. 7 We notice that the intensity of the phase-conjugate field, i.e., the magnitude squared of the right hand side of Eq. ͑2͒, corresponds to the ambiguity function of the Bartlett matched-field processor ͑MFP͒ 8 with an appropriate normal- ization factor where the data is given by G (R;z j ,z ps ) and the replica field by G (r;z,z j ). In effect, the process of phase conjugation is an implementation of matched-field processing where the ocean itself is used to construct the replica field. Or, alternatively, matched-field processing simulates the experimental implementation of phase conjugation in which a source-receive array is used.
For an array which spans most of the water column and adequately samples most of the modes so that the orthonormality condition is satisfied, Eq. ͑2͒ simplifies to In general, the individual terms change sign rapidly with mode number. However, for the field at PS, rϭR, the closure relation ⌺ m m (z) m (z ps )/(z ps )Ϸ␦(zϪz ps ) can be applied approximately with the result that P pc (r,z)Ϸ␦ (zϪz ps ).
1 Figure 3͑a͒ is a single frequency simulation of the phase conjugation process for a probe source at 74-m depth and 6.24-km range from a 20 element SRA. The source frequency is 445 Hz. Range-dependent bathymetry was used as an input to an adiabatic mode model 9 for the specific soundspeed structure shown in Fig. 4 . Notice the focusing in the vertical is indicative of the closure property of the modes. We will return to Fig. 3͑b͒ and ͑c͒ when demonstrating focal range shift in the next section.
II. ACOUSTIC FIELD INVARIANT
The horizontal variability of the sound field in the ocean is due to the mutual interference of different normal modes. The interference pattern in the coordinates of range and frequency is of considerable importance since it has been observed in experiments to be stable. 10 Results of numerical calculations of the sound field for the environment shown in Fig. 4 at different source frequencies are plotted in Fig. 5 . Each curve shows the range r dependence ͑in the 5-7 km interval͒ of the sound intensity at a fixed frequency. For convenience, adjacent curves are displaced relative to one another by 2 dB. The lower curve corresponds to 445 Hz, the upper curve corresponds to 465 Hz, and there are 2-Hz increments between adjacent curves. Note that the lines of maximum intensity are straight and their slopes are constant in the frequency-range plane.
It has been shown previously in Refs. 10 and 11 that the interference structure in oceanic waveguides is characterized by the existence of lines of maximum intensity I(,r) having a slope ␤ and this slope is an invariant for a particular group of modes:
where v and u are the phase and group velocities characterizing the given mode group. It is stated in Refs. 10 and 11 that ␤ is an invariant since it does not depend on the frequency f , the range r ͑in a range-independent waveguide͒, the source depth z s , or the receiver depth z r for a particular group of modes, but is determined by the properties of the medium and the derivative in Eq. ͑5͒ averaged over this group. Aspects of sound interference in a range-dependent waveguide in conjunction with ␤ are addressed in Refs. 12 and 13. The invariant property applies not only to the sound intensity, which is of primary interest for practical applications, but also to the phase velocity and envelope ͑group͒ delay. 6 Thus this invariance extends to broadband pulse propagation as discussed in Sec. III.
Typically, ␤ is equal to 1 in an ideal or Pekeris wave- guide. In our example of Fig. 5 , ␤ is about 0.9 at the range of 6.24 km ͑note that range-dependent bathymetry was incorporated in the model͒. On the other hand, ␤ϷϪ3 for a surface sound channel or in a waveguide with a deeply submerged channel axis. 14 The minus sign indicates that if there is an interference maximum at range r and frequency , then an increase of the frequency by ⌬ will displace this maximum by ⌬r toward the sound source. Dependence of ␤ on various ocean environments is reported in Refs. 6 and 10.
In the next section, it is demonstrated that the above relationship carries over to the phase-conjugation procedure. The result is that we can change the focal range by retransmitting the conjugate of the complex amplitude received by the SRA on a different carrier frequency ϩ⌬. Figure  3͑b͒ and ͑c͒ show the resulting backpropagated fields with Ϯ20-Hz shifts in source frequency as compared to Fig. 3͑a͒ where no frequency shift is applied. As expected for ␤Ϸ0.9, the focal range has moved 300 m toward the SRA with a Ϫ20-Hz shift and 300 m away from the SRA with a ϩ20-Hz shift. We also notice that the field structure remains the same in the vicinity of the new focus.
III. FOCAL RANGE SHIFT A. Theoretical analysis
When we have a shift in source frequency, the replica field ͑using MFP terminology͒ becomes G ϩ⌬ (r;z,z j ), i.e., the SRA retransmits the complex conjugate of the received data at a different carrier frequency. The phase-conjugate field around the true probe source range R then is given by P pc ͑r,z;,⌬͒ϭ ͚ jϭ1 J G ϩ⌬ ͑r;z,z j ͒G *͑R;z j ,z ps ͒.
͑6͒
Ignoring the weak dependence of mode amplitudes m (z) on frequency in the vicinity of frequency and exploiting the orthonormality condition, we obtain the following equation similar to Eq. ͑4͒: 
͑9͒
The new focal range due to the shift in source frequency is determined by
͑10͒
If there is no shift in frequency, we have a focal point back at rϭR.
Here we expand k m Ј in the vicinity of k m such that
Substituting Eq. ͑11͒ into Eq. ͑10͒ and using k m ϭ/v m , dk m /dϭ1/u m , where v m ,u m are the phase and group velocities, respectively, we obtain
In the following, we simply follow the derivation given in Ref. 14. The sound field at a fixed range in a stratified ocean is formed by a group of modes with phase and group velocities v m ,u m close to some average values which we designate as v and u, respectively. Moreover, the phase and group velocities are related by a functional dependence, u ϭu(v). In the WKB approximation and sometimes also in exact solutions, this relationship depends neither on the mode number nor on the sound frequency. For example, uvϭc 2 for an ideal waveguide with a perfectly reflecting bottom, and uϭ3v/͓2ϩ(v/c 0 )
2 ͔ for a surface sound channel. 14 We expand 1/u m in the vicinity of 1/u in a power series of (1/v m Ϫ1/v), and retain only the first two terms
͑13͒
Substituting this relationship into Eq. ͑12͒, we finally obtain FIG. 6 . Simulated backpropagation and corresponding spectra using real received data from the SRA shown in Fig. 2͑a͒ for the PS at a depth of 75 m. ͑a͒ Focused results on the VRA at the same range as the PS, which is similar to the experimental data in Fig. 2͑b͒ . ͑b͒ Out-of-focus results on the VRA when the VRA is 300-m offset in range from the PS. ͑c͒ Same as ͑b͒ except a ϩ20-Hz frequency shift has been applied to the real data before backpropagation. We note that the focus is brought back on the VRA and looks similar to ͑a͒.
where ␤ is an invariant of the interference pattern within a group of modes determining the sound intensity at the point (r,z) and frequency . First introduced in Ref. 10 , the invariant ␤ is related only to the average value of the deriva-
for a given group of modes. In a slowly varying, range-dependent waveguide, the value of ␤ varies with range r and a detailed discussion is given in Refs. 12 and 13. We note that the above equation is equivalent to Eq. ͑5͒ except that the PS range R is replaced by the field point r in the denominator ͑a negligible difference around the PS͒. The new focal range RЈ is then determined by the expression
͑15͒
This equation along with Eq. ͑9͒ shows that the relative shift in focal range is proportional to the relative shift in source frequency for a given ␤. In addition, the structure of phase-conjugate field remains unchanged around the new focal range as shown in Fig. 3 . For instance, in a Pekeris waveguide with ␤ equal to 1, a 5% increase in frequency results in a 5% increase in focal range. It should be mentioned that the above equation also enables us to determine the value of ␤ from the shift in the peak of a matched-field processing ambiguity surface induced by a shift in the frequency of the replica field.
Note that the above equation is approximate in three respects. In the derivation, we have neglected the dependence of mode amplitudes upon frequency, and we have used an expansion valid only for a bounded group of modes for a given R and . If R and change, the sound field will be determined by another group of modes for which the function u m (v m ) may have a different form. For example, Ref. 11 shows that ␤ varies over successive convergence zones in underwater sound channel due to different group of modes contributing to each convergence zone. Finally, multimode propagation involving many modes is assumed implicitly in the derivation of Eqs. ͑13͒ and ͑14͒, so that ␤ is invariant for frequencies far from the mode critical frequencies. It is shown in Ref. 15 that in few-mode propagation, ␤ depends explicitly on the frequency and mode order, and there exist singularities where ␤ Ϫ1 ( f )ϭ0 for a certain frequency interval in a shallow water waveguide.
B. Data/simulations for the TRM
Since the invariant property applies not only to the intensity, but also to the phase velocity and group delay, 6 shifting of the focal range can be implemented for broadband pulse propagation. We demonstrate this with a combination of simulation and real data.
Since the invariant ␤ is not a function of frequency, we can generalize the single frequency case to pulse propagation as long as the ratio of the frequency shift to the signal bandwidth around the carrier frequency is small enough such that ⌬/ min Ϸ⌬/ max . Then we can apply a constant shift to all spectral components over the bandwidth. This can be implemented easily in near real time by an FFT bin shift at the TRM before retransmission.
To demonstrate shifting of the focal range for the TRM, we first simulate backpropagation using the real data received on the SRA as shown in Fig. 2͑a͒ . The sound speed profile for the simulation is displayed in Fig. 4 . Figure 6͑a͒ is in a good agreement with the focused real data in Fig. 2͑b͒ , which permits us to use Fig. 6͑a͒ as a reference solution at the focal point for comparison purposes. Figure 6͑b͒ and ͑c͒ both show simulated backpropagation results on the VRA which has been placed 300-m offset in range from the PS. As expected, the results in Fig. 6͑b͒ are out-of-focus since the VRA and PS are not co-located. In Fig. 6͑c͒ , a ϩ20-Hz frequency shift has been applied to the real data before backpropagation which brings the field back into focus with results that look similar to Fig. 6͑a͒ . The corresponding spectrum in Fig. 6͑f͒ clearly indicates that the spectral components have been shifted by ϩ20 Hz.
As the VRA moves in range away from the focal region, the vertical sidelobe structure typically looks as shown in Fig. 6͑b͒ . An alternative way to present these results which provides a more quantitative display of the main peak and sidelobe structure is shown in Fig. 7 . Here, the energy received by the VRA from the simulated backpropagation over a 0.3-s time window is plotted as a function of depth when the VRA and PS are co-located as well as when they are offset by Ϯ300 m. The solid lines represent focusing ͑VRA and PS co-located͒ or variable range focusing through frequency shifting while the dashed lines represent out-of-focus results.
IV. CONCLUSIONS
We have extended the time-reversal mirror ͑TRM͒ procedure in the ocean to refocus at ranges other than that of the probe source. To accomplish this, we applied the acoustic- field invariant property in the frequency-range plane of an oceanic waveguide characterized by the interference structure between different modes. The basic idea of this approach is that we can shift the sound field maxima to different ranges by increasing or decreasing the source frequency appropriately for a specific propagation environment. Since the invariant property applies not only to sound intensity, but also to phase velocity and group delay, focal range shifts can be applied to pulse propagation incident on a TRM as long as the bandwidth of the signal is relatively small compared to the carrier frequency. The advantage of this approach is that it can be implemented easily in near real time by an FFT bin shift. Simulations combined with experimental data demonstrated that shifting of the focal range can be achieved by an appropriate shift of the carrier frequency prior to retransmission.
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